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Coexistence of stable particle and hole solutions for fixed parameter values
in a simple reaction diffusion system
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We present a simple autocatalytic reaction-diffusion model for two variables, which shows for fixed param-
eter values the simultaneous stable coexistence of particle solutions as well of two types of hole solutions. The
associated spatially homogeneous system is characterized by the coexistence of one stable fixed point and a
stable limit cycle solution. We compare our results to other dissipative systems which have for fixed parameters
either stable particle or stable hole solutions including the quintic complex Ginzburg-Landau equation and the
envelope equation for optical bistability as well as other reaction-diffusion models.
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The study of reaction-diffusiofRD) systems is a growing U= pqU— o0 + BrUS + 5, U° + Uy, (1)
sub field of pattern formation in nonequilibrium systems,
which has become a well-established field of phygits
One of the most interesting recent developments in autocata- U = ol + g + BiUP + Duyy, (2
lytic chemical reactions is the investigation of localized so-
lutions and pulses. This includes, for example, self-where length and time scales have already been rescaled to
replicating spotg2—4] and the interaction of puls€®,6]. reduce the number of parameters in the system to the ones
The study of stable localized solutions and their interactiorthat are independent. The parametgrand vy, in Eq. (1) are
has attracted increasing attention within the framework ofaken to have a destabilizing cubic tek,>0) and a sta-
several classes of prototype evolution equations in the studyilizing quintic term(y, <0) to guarantee stability for large
of dissipative systems including the quintic complexyajyes ofu. Without the coupling tas, Eq. (1) would give
Ginzburg-Landau equatiofy—9], order parameter equations yise for 14, <0 to five stationary points, three of which are
(10,17, and phase equatlor[gz,_la. MUCh Iess_wgrk _has stable. Equationgl) and (2) possess the symmetry— —u
been done on stable hole solutions in these dissipative prog,, . -, simultaneously, but not separately. The linearized
totype equation$14,19 (compare also the review ifi€]).  \ersion of Eqs.(1) and (2) has the standard structure for

For optical bistability a transition from stable particle 10 yoaction-diffusion systems giving rise to oscillatory motions.

stable hole solutions has b_een descn[ﬂe_?]._ _ We note that the term-u® in Eq. (2) is nonpotential in na-
Here we study the question whether it is possible to hav

for fixed parameters in dissipative evolution equations stable It. turns out that the phase diagram associated with Egs.

particle as well as stable hole solutions simultaneously angl) and(2) is in general extremely rich and complex. A de-
what the underlying mechanisms are to achieve such a sityzjjeq discussion will therefore be deferred to a longer paper
ation. Motivated by the very rich behavior well known for 19]. Here we focus on the case where the dynamical system

simple two variab_le reaction diffusions systems, we chose acqqciated with Eq¢l) and(2) has one stable fixed point for
model such that it has for a large parameter range a stab =v=0 and a stable limit cycle. This structural situation,

limit cycle coexisting with a stable fixed point. This situation \hich is sketched in Fig. 1, arises very frequently for reac-

has been established to give rise to stable particle solutiong,, itfysion systems and is therefore of direct importance
for reaction diffusion systemfb] as well as for the quintic ¢, eyherimental studies in the field of autocatalytic chemical
complex Ginzburg-Landau equati$n,8]. We show numeri- reactions(compare, for example, RefL8].)
cally that in the vicinity of the parameter values for which Throughout the rest of this paper we chose the parameter
the speed of wall solutions passes through zero, a class %Iuesﬂ =3, ,=-2.75, =15, 1,=0, uz=-0.2, andD

. . . r ’ r . ’ =y ’ Ly
holes exists stably, which we caltzholes, embedded in the _1 '\we then discuss the phenomena that arise as a function

regime of existence of another class of stable hole solutiong; .. In this paper we use periodic boundary conditions. We
(called 7 holeg. For a small range of parameters all threehav('3 also checked other boundary conditiorm Neumann
classes of stable localized solutions occur simulta_meouslyf0 verify that there is no qualitative change for the phenom-
two classes of stable holes as well as stable particle solysy; ohserved upon changing the boundary conditions. Here
tions. o _ we address the question which types of stable localized so-
The reaction-diffusion model studied has the form lutions occur in addition to the stable spatially homogeneous
solutionsu=v=0 and the stable limit cycle solution. In par-
ticular we demonstrate that one can haverfixed values of
*Electronic address: yumino@stat.phys.kyushu-u.ac.jp all the parameters in the two equatieastable particles and
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FIG. 1. This plot shows the generic behavior of the dynamical
system(without spatial degrees of freedgrfor the regime of pa-
rameter space considered in this note. The null klines of the ODE’s
are shown as solid black lines. The origin of tk plane corre-
sponds to a stable fixed point. The thick solid black line is a stable
limit cycle, while the unstable limit cycle is shown as a dashed line.
B;=1.600.

two types of stable holes. In addition we would like to stress
that the stable particle solutions and one class of stable hole
solutions can appear simultaneously over a fairly large range -
of values of the parametgt. The resulting phase diagram is 0 ' 1(')0 ' 2(‘)0 ' 3(')0 ‘ 400
plotted in Fig. 2. Inspecting Fig. 2 it emerges that stable

particles as well as two classes of stable hole solutions occur X

for positive as well as for negative yalues At _Whil_e th_e . FIG. 3. A snapshot is shown for a particlemahole, and a z
structgre and the sequence of localized splutlons IS SImII"’“hole as a function of space. The quantities plotted are the modulus
there is, however, n@; ——p; symmetry, which can also be gy t)=\Z+,2 and the variablai(x,t). For  holes the modulus
seen immediately by inspecting the parameter values givepaches zero while this is not the case farlles. The value 0B

in the caption of Fig. 2 marking the limits of the occurrencejs chosen such that all three localized objects stably exist for the
of the various types of solution. Next we characterize thésame parameter valug;=1.600.

nature of these three classes of stable localized solutions.

Figure 3a) shows a snapshot of the moduli® R  smaller, the width of the particle solution increases, while it
=\u?+v?, and the variableu as a function of space. The decreases whe| becomes larger. When the boundaries for
particle solutions act as a sink of waves traveling towards thehe stable existence of particles are crossed, the particles dis-
particle for negative values ¢ and as a source for positive appear by a filling in for sufficiently small values 8,
values ofg3,. Their maximum amplitude is comparable to the while they collapse foi3,| sufficiently large. Furthermore,
maximum amplitude of the spatially homogeneous limitwe note that one obtains a period doubling leading to an
cycle solution. In addition, the modulus of the particlelike additional lateral breathing motion for positive valuesg@f
solutions carries out a periodic breathing motion of the maxi-as one approaches the lower boundary of their stable exis-
mum amplitude—because the limit cycle is not a circle—tence, denoted by, in Fig. 2. This is the analog of the
sending out traveling waves, which become particularly notransition to the periodically breathing localized states in the
ticeable in the local wave vector. This phenomenon as weltomplex quintic Ginzburg-Landau equation.
as an analytic approximation scheme to capture all essential Figure 3b) shows a snapshot ofa hole. The reason for
ingredients of these breathing particles will be described inthis notation becomes clear from an inspection of the phase
[20], generalizing the technique applied previously for fixedportraits shown in Figs.(#®) and 4e) in which the trajectory
shape and breathing localized solutions of the quintic comgoes through the center of the limit cycle. This also demon-
plex Ginzburg-Landau equatiof21,223. As |3 becomes strates thatr holes reach zero moduluB=0. For large dis-

particle FIG. 2. The phase diagram for the stable ex-

) ) , , . A B, istence of particless holes, and 2 holes is
23 BT ' B? 0 ' BT ' 3 )7 BT ! shown as a function oB;. The upper and lower
" - m 2 boundaries for particlesr and 2r holes for posi-
tive and negative values ¢ are given byg, 1
B B =-0.775, ﬁp—2=_1'9881 ﬁp+1=l.582, Bp_,.z
Y =7.655, f-1=-0.432, fr1,-p=-0.877, By
i i H ! (i) e _I,’ B; =0.941, B 2=2.165, Bon-1=-0.735, Bomn-2
B’m_z Bm—l Bvﬂ‘ﬂ-l me‘z :_0'7791:8277h+1: 1‘500’3271'}1*‘2: 1.664

n hole, 2 nhole

BZnh—2 ‘} BZﬂl—l
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-1 (:1 ! -1 (1)1 L FIG. 5. We show arx-t plot for a 7 hole andg,=1.600. The
y— — quantity shown isu(x,t); u>0: white,u<0: black. From the plot it
(c) ® is clear that ther holes act as a sink and that the phase jump at
1 1 annihilation is7. The rounding off in thex-t plot nearx=0 andx
Vo Vo @ =400 is caused by the periodic boundary conditions used.
-1 -1 values of3;, 27 holes act as sources while for positive val-
) S —— L ues of B; they act as sinks.#2 holes exist stably only over a
-1 (:1 1 -0 1 narrow parameter range, which is included in the range of
u

existence of stabler holes. It appears most important to
FIG. 4. Phase portraits in thev plane are shown for positive Stress that the existence of stable Roles is connected with

and negative values ¢. For the left columng=1.600 and for the ~ the region of parameters for which the speed of wall solu-
right column3,=—-0.777.(a) and(d) show stable particle solutions, tions passes through zero. In addition, their range of stable
(b) and (e) stable 7 holes, and(c) and (f) stable 2r holes. The  €xistence overlaps with that of stable particle solutions. Thus
curves in the left column are structurally mirror images of thewe can get for a range of parameters for a fixed value of all
curves in the right column. All curves are rotating counterclock-the parameters in the equation the simultaneous stable exis-
wise. This observation is closely related to the fact that for positivetence of particlesyr holes, and z holes. For sufficiently
values of 8, particles act as sources of traveling waves, white 2 large values of;| the 2 holes vanish by filling in while for
and 7 holes act as sinks. For negative valuesppfthe opposite  sufficiently small values of;| the 2 holes vanish by mak-
situation prevails: particles correspond to sinks, white @&xd 7 ing a transition to ar hole. We have tested the stability of
holes act as sources of traveling waves. both, 27 holes andm holes against noisy perturbations. As
expected from their limited range of existence and from their
tance from the holeR reaches asymptotically the value of transitions torr holes for sufficiently small values 8|, the
the spatially homogeneous limit cycle solution. In Fig. 5 we27 holes are more sensitive to noisy perturbations: one needs
show anx-t plot of a7 hole from which the phase jump of a noise amplitude that is about one order of magnitude
7 at the core is clearly visible. Inspecting Fig. 2, we see thahigher to annihilate ar hole. The latter noise amplitude is
there is a considerable range of parameter valugg,dfoth  comparable to that necessary to destroy a breathing localized
for positive and negative values, over which stable particlesolution of the complex quintic Ginzburg-Landau equation
as well as stabler holes exist simultaneously. Fg >0 the  [9].
stable hole solutions acts as sinks—a fact also brought out by The particle solutions discussed resemble most closely the
Fig. 5—while for 8, <0 they act as sources. Correspondinglyfixed shape localized states for the quintic complex
a sourcgor a sink appears elsewhere in the system. g  Ginzburg-Landau equatiof9]. In this case one also has a
sufficiently small, ther holes disappear by collapsing while stable limit cycle solution and a stable fixed point. There is
for | B;| sufficiently large they are filling in. We also note that also an example from reaction diffusion systems for which
the width of thes holes is approximately constant. Fer one has observed laterally breathing localized pul&s
holes the wavelength is larger for smallg|, while it be-  which occurs under the same conditions: namely, the stable
comes smaller for largd;|. coexistence of a limit cycle and a stationary fixed point.
Figure 3c) shows a snapshot of am2hole. Its detailed While one has seen a transition from a particle solution to a
nature with respect to the phase space is brought out in theole solution as a function of one parameter for the case of
phase portraits shown in Figs(cd and 4f). Note that the optical bistability[17], we are not aware of any report of the
modulus of the Z holes stays finite near their center and simultaneous existence of stable particle and hole solutions
does not touch 0 in contrast to the case of thboles. Far for a fixed set of parameters in an underlying evolution equa-
away from the center theR value is comparable to that of tion for a dissipative system, regardless whether this would
the spatially homogeneous limit cycle solution. For negativebe an envelope equatid3,24, a phase equatiofiL2], an
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order parameter equati¢hl,25, or a reaction-diffusion sys- in a simple reaction-diffusion system for two variables,
tem[26]. We note that for the latter systems we have in mindwhich allows for the coexistence of a stable limit cycle so-
a particle or hole in all concentrations; a dip in one concen{ytion and a stable fixed point. Since the RD system studied
tration and an enhancement in the other are well documentegehs properies that are common to large class of models, we

[27] and of completely different origin. Similarly there also ¢,y expect experimental observations of the phenomena
appears to exist no report in the literature of the stable anaredicted here

simultaneous existence of two types of holes, such asrthe
and 27 holes described here, for fixed parameters in a dissi- v H. thanks the Alexander von Humboldt-Foundation for

pative model. support. O.D. thanks the support of FRRoject ICIV-001—

In conclusion we have shown in this Rapid commnnica- : - ;
tion that three different types of localized solutions can sta04’ Universidad de los Andpsand Fondecyt(Project

bly exist simultaneously for a fixed set of parameter valueélozogm'
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